Given pressure, temperature, and composition of a fluid, one desires to determine whether the single phase state is stable. This problem is, in principle, much simpler than phase-behavior calculations. For certain applications, such as compositional-reservoir modeling, stability testing can be the most important item for efficient phase-behavior calculations.
Introduction
Phase-behavior computations are an important element of thermodynamics of phase equilibria in general, and of compositional modeling of hydrocarbon reservoirs and production facilities in particular. Compositional modeling in hydrocarbon reservoirs demands robustness for hundreds of millions of phase partitioning computations with varying conditions of pressure and composition, including in the critical region.
There are five basic requirements and desirable features for phase behavior-related computations in a compositional-reservoir simulator. Given the temperature, T, the pressure, p, and the overall composition vector, z‫(ס‬z 1 ,z 2 ,...,z c ,) one desires to:
1. Determine the phase stability. 2. Recognize the state of the phase (that is, gas or liquid). 3. Perform flash computations. 4 . Calculate phase derivatives with respect to p and z i . 5 . Use an adequate number of components/pseudocomponents for certain accuracy.
Item 1 above determines the need for flash computations. When it is determined that the fluid system is in single state from stability testing, there will be no need for flash computations; flash computations are more costly and complicated than stability testing when one takes advantage of proper stability analysis testing. The TPD from stability can also be used to perform flash computations efficiently, as will be discussed in the second part of this work.
In compositional-reservoir simulators, it is necessary to recognize the phase state; one needs to know whether the single phase is a gas or a liquid phase. In Item 4 above, the total derivatives for the flow expressions are estimated. These derivatives are (Ѩ L /
ѨP) z,T , (Ѩ L /Ѩn i ) T,P,n i , and other similar derivatives;
L ‫ס‬the liquid phase density, n i ‫ס‬the number of moles of component i in the feed, n i =(n i ,...,n i−1 ,n i+1 ,...,n c ), and c‫ס‬the number of components. Depending on the process, sufficient accuracy may require the use of from 4 to 12 (or more) components. When the nonlinear equations in flash are performed using the Newton algorithm, the computational time is proportional to c 3 . Therefore, there will be an increase of about 27 in computational time when c is increased from 4 to 12. The most important element of phase-behavior calculations in compositional modeling is, however, robustness of computations rather than speed. Robustness is the prime goal of our work.
Despite remarkable progress in the period from 1980 to 1990 in phase-behavior computations, 1,2 a comprehensive and unified theoretical framework continues to be the primary goal in performing the computations both robustly and efficiently for the five items outlined above. There may be a direct link between all five, though such a link has not yet been recognized.
One major difficulty in phase-behavior computations results from the ragged shape of the Gibbs free energy surface. To be more specific, both the raggedness and the number of minima of the TPD affects the complexity of phase-behavior calculations very pronouncedly. Those issues will be discussed in detail in this paper. Another difficulty arises from the nonlinear Rachford-Rice 3 equation, especially near the critical region. A lesser complication is the number of nonlinear equations. In this work, we will demonstrate how we can alleviate all the above complexities. This paper presents Part I of the work covering the stability analysis, which is the key item for efficient flash computations in our work. Part II will address flash computations. 4 Our algorithm is based on the reduction of the dependent variables (that is, the composition at constant T and p) of the Gibbs free energy through transformation. In the following, after a brief literature review on the reduction method, we first present a new formulation of the reduction method based on the Spectral theory of linear algebra. 5 Then we provide stability analysis formulation in terms of the reduction variables for the TPD, 6 followed by minimization of the TPD using the simple method of Lagrange multipliers. Next, we examine the TPD surface for threecomponent systems for both the conventional and the reduction variables. The results for stability testing of four-multicomponent mixtures of various degrees of complexity are discussed, followed by concluding remarks.
Brief Literature Review
In 1986, Michelsen 7 introduced the reduction method to perform flash calculations, assuming all interaction coefficients to be zero. With this assumption, the "a" parameter of an equation of state (EOS) such as the Peng-Robinson 8 (PR-EOS) can be simplified to a single sum from a double sum. That is, with zero interaction coefficients ␦ ij , one can write
As a result, the fugacity coefficient i becomes a function of a 1/2 and b, where b‫ס‬the covolume parameter of the EOS. The equilibrium ratio K i then becomes a function of parameters a 1/2 and b of either liquid or gas, and the vapor fraction V. Therefore, the computations of vapor-liquid equilibria will be related to only three nonlinear equations. The assumption of zero-interaction coefficients is restrictive for reservoir fluids and may not be cominclude one set of binary interaction coefficients between one component and the rest. As a result of this extension, the dependent variables were reduced to five regardless of the number of components. One of the five variables was the mole fraction of the component, for which its interaction coefficient with the other components is nonzero. In 1988, Hendricks 10 presented a general approach and demonstrated that the number of variables in the fugacity coefficient can be reduced to a value less than the number of components. He used the expression for the excess Gibbs free energy and its transformation to formulate chemical potentials in terms of transformed variables. All the interaction coefficients were included in the work of Hendricks. Later, Hendricks and van Bergen 11 applied the procedure outlined by Hendricks 10 to perform flash computations for two multicomponent mixtures. The simple Newton-Raphson algorithm was used to solve the nonlinear equations.
In a different approach, Kaul and Thrasher 12 introduced a twostage minimization of the Gibbs free energy. In the first stage, the ideal part of the Gibbs free energy is minimized, and in the second stage, the excess part is minimized; the ideal part is a function of composition, and the excess part is a function of EOS parameters. In this approach, the number of dependent variables reduces to three when the interaction coefficients are set to zero and to four with nonzero interaction coefficients. Test results show that the method is efficient with zero interaction coefficients, but inefficient with nonzero interaction coefficients.
In all the above work, the emphasis is mainly on two-phase flash. Stability testing in the reduced space and its features have not yet been exploited.
Theory of Reduction Method
The expression for the energy parameter "a" of the PR-EOS and other similar equations is given by In Eq. 4, 1 ,..., c are the eigenvalues of ␤ and qЈ (1) ,...,qЈ (c) 
Stability Analysis Formulation
The stability of a given phase can be best described by the TPD. 6 The TPD is simply the difference between the Gibbs free energies of a system in a single phase and in two-phase, in which the amount of the second phase for the two-phase (that is, the trial phase) is small. Because at constant T and p the more stable state has a lower Gibbs free energy, the single-phase state is stable if the TPD is positive. The expression for the TPD for a multicomponent fluid is given by In Eq. 18, y‫(ס‬y 1 ,y 2 ,...,y c ) is the composition of the trial phase, and z‫(ס‬z 1 ,z 2 ,...,z c ) is the composition of the phase for which its stability is to be determined. An alternative form of Eq. 18 can be obtained from i (z)‫ס‬f i (z)/(z i p) and i (y)‫ס‬f i (y)/(y i p), the relation between chemical potential and fugacity, 6 and Eq. 18:
In Eq. 19, the TPD is expressed in dimensionless form, D‫ס‬ (TPD/RT). One can use Eq. 19 to examine the stability of the fluid as the liquid phase or the stability of the fluid as the gas phase. If one is interested in testing the stability of the fluid phase with composition z as a liquid, the trial phase with composition y will be in gas state. On the other hand, when interested to test stability of the fluid phase with composition z as the gas phase, the trial phase with composition y will be in liquid state. In the process of testing the stability of a phase with composition z, one may find the minimum (or minima) of D (the dependent variables of D are y). If this minimum is negative, the fluid mixture with composition z is not stable and will split into more than one phase. The above procedure suggested by Michelsen 1 is currently the basis for stability analysis with the conventional variables (that is, mole fraction variables). Its implementation is not a trivial task. The method is complicated because all the minima (say, two) must be found.
Even with one minimum, the shape of the TPD will influence the search for the minimum, and the procedure may be sensitive to the intial guess.
Let us now proceed with the calculation of D with the reduction variables followed by its minimization. In order to facilitate the derivations, we will examine the stability of the fluid mixture in the liquid state. (The derivations for the stability of the gas state are straightforward and follow the derivations for the stability of the liquid phase.) Eq. 19 can be rewritten for this purpose as Then, Eq. 20 can be written as 
The variables of Eq. 24 are Q V 1 ,...,Q V m , and y i (i‫,...,1ס‬c− 1), which are constrained by Eq. 25. We use the method of Lagrange multipliers to minimize D. One may write
where ␤ ␣ ‫ס‬the Lagrange multipliers.
By using Ѩᐉ/Ѩy j ‫(0ס‬j‫,...,1ס‬c−1), one obtains (see Appendix C) The derivative of ᐉ (from Eq. 26) with respect to ␤ ␣ provides
The derivative of the above expression with respect to y j ( j‫ס‬ 1,...,c−1) gives
Let us denote the first two terms in Eq. 24 by D I , and the remaining terms by D II . Taking the derivative of D II with respect to y j results in
, one may write by using Eq. 30:
Eqs. C-1, 30, and 31 provide the expression for the Lagrange multipliers Next we will discuss the algorithm to obtain the minimum of the TPD.
The dimensionless TPD can also be cast into the following form, Using the Newton algorithm, , and the gradient vector ѨD/ѨQ V are provided in Appendix D.
The computational procedure for the calculation of the minimum of the TPD is provided in the following six steps.
1. All the eigenvalues and the coreesponding eigenvectors of the matrix ␤ with the entries (1−␦ ij ) are first calculated. The nonzero eigenvalues are selected and are arranged in the order of the absolute values.
2. The initial equilibrium ratios (that is, K i ) are estimated using the Wilson correlation 13 (one may use other correlations). 3. The Lagrange multipliers ␤ ␣ (␣‫,...,1ס‬M) are obtained from Eq. C-1 from the data in Steps 1 and 2 using the linear-least squares for the first iteration.
4. The equilibrium ratios K i are obtained from Eq. 27 in subsequent iterations.
5. Then y are calculated from y i =K i z i , and
6. The convergence of the Lagrange multipliers ␤ ␣ is examined. If convergence criterion of, say, ⌬␤<10 −6 is not met, Eq. 40 is used to update ␤ ␣ , and one goes back to Step 4.
The eigenvalues and the eigenvectors in Step 1 are calculated by transforming the symmetric matrix ␤ into a tridiagonal matrix, and then computing the eigenvalues and eigenvectors of the tridiagonal matrix. The Gaussian elimination is used without the pivot computation to solve the linear equations in Step 6. To our surprise, as will see next and in the results section, the simple Newton algorithm in conjunction with the above procedure with the reduction variables is extremely robust. Next we will examine the shape of the TPD surface.
TPD Surface. The shape and smoothness of the TPD surface affects considerably the number of iterations and the robustness of an iterative process for locating the minimum (minima). In the course of this work, we were pleasantly surprised that the calculation of the minimum of the TPD with the reduction variables is a simple task. This experience is completely different from the work of others who have found the calculation of the minima of TPD with conventional variables (that is, mole fractions) to be complicated. Perhaps the best way to appreciate the merit of our approach for stability testing is the visual examination of the TPD surface with the reduction and the conventional variables. This can be done in a 3D space for ternary mixtures only; in a threecomponent mixture, one can examine the plot of TPD vs. mole fraction of components 1 and 2 in the trial phase. The plot of the TPD vs. a 1/2 and b of the trial phase (which are the reduction variables when ␦ ij ‫)0ס‬ also provides the desired surface for examination. Fig. 1 shows the TPD vs. mole fractions of the trial gas phase for the ternary mixture C 1 /nC 10 /CO 2 with composition z C 1 ‫,04.0ס‬ z nC 10 ‫,03.0ס‬ and z CO 2 ‫03.0ס‬ at 350 K and 50 bar. The stability of the phase as liquid is desired to be tested. Both the left and the right figures show the same plot; the only difference is the rotation along the TPD axis. Note that there is a global minimum at around -0.66. Due to the shape of the TPD surface, it may not be easy to locate the minimum if the initial guess is not properly estimated. The negative sign of the minimum implies that the assumed phase is not a stable liquid phase. Fig. 2 shows the TPD vs. the reduction variables of the trial gas phase. The minimum is the same as before, but the shape of the TPD surface is very different. This time, there is clearly one minimum, and it will be straightforward to calculate it. Note that the figures on the right and the left are the same. One is shaded representation, and the other is meshed rep- 5 /nC 10 system at 300 K and 100 bar with z C 1 ‫,08.0ס‬ z nC 5 ‫,01.0ס‬ z nC 10 ‫01.0ס‬ as a liquid. This time, there are two minima with the conventional variables for the TPD. These minima are −0.047 and −0.201. However, in the reduced space, there is only one minimum, which is −0.201. In the reduced space, it takes only five iterations to obtain the minimum using the procedure outlined above. The negative minimum in both the conventional space and in the reduced space implies that the assumed liquid phase is not stable. Fig. 4 depicts the TPD surface vs. the reduction variables and the conventional variables for a mixture of z C 1 ‫,01.0ס‬ z nC 5 ‫,04.0ס‬ z nC 10 ‫05.0ס‬ at T‫003ס‬ K, and p‫001ס‬ bar. The minimum is zero for the assumed liquid state. This is the so-called trivial solution.
In the reduced space, it takes only three Newton iterations to establish that the trial vapor phase has the same composition as the assumed liquid phase. Note that in the conventional space, the surface is not smooth for large values of TPD. Fig. 5 shows the dimensionless TPD vs. the reduction variables and the conventional variables for the C 1 /nC 5 /nC 10 system at 300 K and 100 bar for z C 1 ‫,899.0ס‬ z nC 5 ‫,2100.0ס‬ z nC 10 ‫.8000.0ס‬ As with all the above ternary mixtures, we tested the stability for the initial liquid state, and, therefore, the variables in Fig. 5 correspond to the trial vapor phase. There is one minimum in both spaces; this minimum is zero, implying the trivial solution. Note that for the reduction variables, the TPD surface is very smooth in comparison with the conventional variables. It took four Newton iterations to calculate the minimum in the reduced space based on the procedure outlined earlier. We also performed the stability of this ternary system assuming the initial gas state. A minimum TPD‫ס‬ 0.078 was calculated in six iterations in the reduced space, implying that the initial state of gas is stable.
Results
We use four mixtures in our stability testing to demonstrate the robustness and efficiency of our proposed method. The test mixtures include:
• Synthetic oil.
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• Synthetic oil/CO 2 mixture. • Billings crude/natural gas mixture. 15 • Kilgrin gas condensate (see Table 1 ). 16 The critical properties of all the pseudocomponents are estimated using the Cavett correlations. 17 The nonzero binary interaction coefficients are listed in Tables 2 through 4. Tables 3 and  4 provide the critical properties and the acentric factor of all components/pseudocomponents. The interaction coefficients are obtained from Katz and Firoozabadi 18 and by matching the saturation pressure to estimate the interaction coefficient between C 1 and the residue. Table 5 lists the nonzero eigenvalues from the matrix ␤ for all the mixtures. We use stability analysis to calculate the saturation pressure by decreasing the pressure with an increment of 0.1 bar at constant temperature until the mixture changes its state from singlephase to two-phase. The results are presented in the following.
Synthetic Oil (Mixture I).
First, the conventional method is used to calculate the saturation pressure with ten components. Then, the stability testing from the reduction method is employed. There are three nonzero eigenvalues (see Table 5 ); m‫,3ס‬ m‫,2ס‬ and m‫1ס‬ represent the number of eigenvalues in the descending order; m‫ס‬ 3 represents the use of all three eigenvalues; and for m‫,1ס‬ the largest eigenvalue is used in stability calculations. The stability testing with zero interaction coefficients is also performed with and without the adjustment of the critical temperature of nC 10 . The measured bubblepoint pressure at 322 K is used to adjust the critical temperature of nC 10 . The saturation pressures are plotted in Fig. 6 . The results for m‫3ס‬ are identical to those of the conventional method (not shown in the figure). The figure shows that for m‫,2ס‬ with three variables, the stability testing provides a very good approximation for the entire range; m‫,1ס‬ which has two variables in stability testing, does not give reasonable prediction at temperatures below 540 K. For ‫,0ס␦‬ the deviations at low temperatures are greater than for m‫1ס‬ in view of the fact that both methods have two variables. The adjustment of T c for nC 10 to match the bubblepoint pressure at 322 K increases the value of T c from 617.9 to 745 K. The approach produces the worst results (see Fig. 6 ). Table 6 provides the number of iterations at different saturation pressures. The convergence criterion of 1×1.0 −6 was used in the calculations (see Step 6 of the computation procedure). The results show that the number of iterations depends mainly on the distance from the critical point (CP). The closer to the CP, the greater the number of iterations. The number of iterations is two times higher in the critical region than outside the region. The results further show that the number of iterations is only two times higher in the near-critical point and critical point than it is far away from the region.
We have made a number of tests to evaluate the execution time for m‫,1ס‬ m‫,2ס‬ and m‫.3ס‬ The results show about one-third of CPU time is saved if m‫2ס‬ is used rather than m‫;3ס‬ m‫3ס‬ has four variables, and m‫2ס‬ has three in the reduction method. Ten variables are required to perform stability analysis in the conventional method.
Synthetic Oil/CO 2 Mixture (Mixture II). CO 2 often complicates the calculation of phase behavior of crude oils. The main reasons are its molecular features and physical properties, which are different from those of hydrocarbons. Therefore, the stability analysis for CO 2 /crude mixtures should be examined. The complication for two-phase region predictions in the reduction method may be mainly because of the interaction coefficients. There are five nonzero eigenvalues for the matrix ␤; the values are listed in Table 5 . m‫ס‬ 5, m‫,4ס‬ m‫,3ס‬ m‫,2ס‬ and m‫1ס‬ represent the stability calculations with five, four, three, two, and one eigenvalue(s), respectively. Note that m‫5ס‬ and the conventional method give the same results. As with the designation in the synthetic oil, ‫0ס␦‬ represents the calculations with zero-interaction coefficients. Fig. 8 depicts the predicted saturation pressure vs. mole percent of CO 2 at 322 K. Note that the results for m‫4ס‬ are very close to the conventional method; m‫3ס‬ (four variables) provides a good approximate, while m‫2ס‬ (three variables) produces fair results. For m‫1ס‬ (two variables), there is a large deviation implying that the second eigenvalue in Table 5 cannot be neglected. The results for ‫0ס␦‬ are inaccurate. With ‫,0ס␦‬ when T c of nC 10 is adjusted to match the saturation pressure at x CO 2 ‫06.0ס‬ and 322 K, a wrong trend is predicted (true value of T c of nC 10 ‫716ס‬ K, adjusted value‫039ס‬ K). Table 7 lists the number of iterations at different CO 2 concentrations. As with the results for the synthetic oil, the number of iterations in the critical region is approximately twice what it is away from the CP. The number of iterations depends on the distance from the CP; it is independent of the number of eigenvalues.
Billings Crude/Natural Gas Mixture (Mixture III). First, C 7+ is characterized using the distillation data. 15 Then, the conventional method is used to perform flash calculations at 366.48 K for various pressures. The composition of liquid phase is used to compute bubblepoint pressure from stability testing; therefore, the bubblepoint pressure should be the same as flash pressure. As with the synthetic oil, there are three nonzero eigenvalues (see Table 5 ); m‫,3ס‬ m‫,2ס‬ and m‫1ס‬ represent three, two, and one eigenvalues, respectively. Fig. 9 plots the results, which are very similar to those in the synthetic oil; m‫3ס‬ and the conventional method are identical (not shown); m‫2ס‬ provides an excellent approximation, while m‫1ס‬ gives a large deviation.
Kilgrin Gas Condensate (Mixture IV).
Mixture IV is a very complex gas condensate. 16 It contains nonhydrocarbon components N 2 and CO 2 . There are six nonzero eigenvalues for this mixture. Fig. 10 plots the saturation pressure vs. temperature. The conventional method, and m‫,6ס‬ produce identical results as expected; m‫5ס‬ also produces excellent results (m‫6ס‬ and m‫5ס‬ are not shown); m‫4ס‬ and m‫3ס‬ provide very good approximation. However, m‫2ס‬ and m‫1ס‬ give large deviations, and m‫1ס‬ produces better results than ‫0ס␦‬ (both have two independent variables).
Comparison of the Conventional and Reduction Methods
Michelsen's method for stability analysis, 1 which is based on locating the stationary points of the TPD in the conventional space, can be used in conjunction with the successive substitution (SS), the Newton algorithm, or the combination of the SS and the Newton algorithm. Unlike the reduction method of this study, the Newton algorithm for the conventional stability analysis has poor convergence when Wilson's correlation is used to initialize the iterations. In this work, we compare our reduction approach with the conventional method using the combined SS and Newton's method of solution. In the conventional method, the SS method is used first. When the Euclidean norm of step-length vector is less than 10 −2 , the iteration switches to Newton's method. Analytical Jacobian matrix is used for Newton's method in the conventional stability. Table 8 presents the performance of our reduction method and the conventional method for Mixtures III and IV. Note that the Newton method always converges in our approach; for the conventional method, both the number of iterations and convergence depend on the switching criterion from the SS to the Newton method. For both methods, as the critical point is approached, the number of iterations increases. Considering that the reduction method is very robust, that the number of variables in the conventional approach can be much more than the reduction approach, that the search for the second minimum in the conventional approach is a nontrivial task, and, finally, that the total number of iterations in the conventional method is higher than that of the reduction method, one may readily conclude the superiority of our proposed approach. (According to Abhvani and Beaumont, 19 one SS iteration ≈0.7 Newton iteration.)
We also compared our formulation with the results from the formulation of Jensen and Fredenslund, 9 in which in our approach 
Discussion and Concluding Remarks
The algorithm presented in this paper for stability analysis has several important merits. It is very flexible in terms of speed and accuracy. One can truncate after a small eigenvalue; two eigenvalues were used for the synthetic oil and the Billings crude/ natural gas mixture with good approximations. The zerointeraction coefficient methodology cannot be recommended, as was demonstrated with three examples. The speed and the convergence in our procedure is independent of the value of the interaction coefficients. This experience is different from the work reported in Ref. 12, in which the efficiency of calculations strongly becomes a function of interaction coefficients.
The most important feature of our proposed method for stability analysis is its robustness. Our numerical experience with the mixtures presented in this paper and a number of other complex mixtures reveals that the approach is very robust. After examination of Figs.1 through 5, one may conclude that the transformation in the reduced space reduces considerably the raggedness of the TPD surface. This feature, together with the property of only one minimum, gives huge advantage to our approach in comparison to the conventional approach. Another important feature of the proposed approach is that one can include all the interaction coefficients which are essential, especially for CO 2 -crude mixtures. 
TABLE 8-NUMBER OF ITERATIONS FOR STABILITY TESTING IN THE REDUCTION AND CONVENTIONAL METHODS Reduction Variables
The PR-EOS in terms of Z can be written as Note that according to Eq. A-1, once A and B are provided, Z can be determined: Z‫ס‬Z (A,B) . Using Eq. 13, one can then readily derive Eq. 14 of the text.
The expression for fugacity coefficient of component i is given by Substitution of Eq. A-4 into Eq. B-2 provides the expression for g V which reads Note that according to the above expression,
Let us denote the second term in Eq. The matrix H II is defined as Let us define matrix C with elements C ␣j . The matrix C T has elements Ѩln(K j /K c )/Ѩ␤ ␣ (from Eq. C-1).
We take the derivatives of D II with respect to y j and y k , and define U jk as All the derivations in the paper are based on stability testing of liquid phase by examination of the trial gas phase. Similar derivations for the stability testing of gas phase are obtained by following our procedure. 
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